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The relationships between a set of orthogonal F-squares or F-rectangles and 
orthogonal arrays are described. The relationship between orthogonal arrays and 
error-correcting codes is demonstrated. The development of complete sets of 
orthogonal F-rectangles allows construction of codes of any word length and for 
any number of words. Likewise, the development of F-rectangle theory makes code 
construction much more flexible in terms of a variable number of symbols. The 
relationship among sets of orthogonal hyperrectangles. orthogonal arrays, and 
codes is also described. CD 1986 Academic Press, Inc. 
1. INTRODUCTION 
Considerable theory has been developed over the last dozen years on 
orthogonality of F-squares and F-rectangles. Although the original work 
was done by Finney [9-l l] approximately 40 years ago, the topic of F-s- 
quares laid relatively dormant until Hedayat [16] wrote a Ph.D. disser- 
tation. Since that time, many papers have been published, starting with the 
one by Hedayat and Seiden [19]. There were, however, two somewhat 
related papers in 1966 by Freeman [13] and in 1967 by Addelman [l]. 
Orthogonal. F-squares and F-rectangles can be used to generate 
orthogonal arrays (OAs). These OAs are distinctly different from those 
generated from a set of pairwise orthogonal Latin squares (POLS). The 
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OAs obtained from a POLS set have the same number of symbols in every 
row (runs). By definition, the number of symbols from rows and columns 
of an F-square differs from the number in the F-square (FS). The resulting 
OAs will now have more than one set of symbols. Since the number of 
symbols can vary from one FS to another in an orthogonal set, OAs can be 
generated with several sets of symbols. 
Since there is a 1 : 1 correspondence between POLS, OAs, and error- 
correcting codes, as described by Golomb and Posner [ 141 and Federer, 
Hedayat, Parker, Raktoe, Seiden, and Turyn [8], one,can construct codes 
from OAs. The 1 : 1 correspondence between orthogonal F-squares and 
OAs is easily established (see Mandeli, Lee, and Federer [23], e.g.). The 
1 : 1 correspondence between OAs and codes allows construction of codes 
with different numbers of symbols in various words or messages or in some 
letters of the words or messages. In addition, the construction of sets of 
orthogonal rectangles and hyperrectangles allows the length of the message 
and the number of messages to be as large as desired for certain sets of 
symbols. This flexibility should add considerably to the use and construc- 
tion of codes. 
These concepts necessitate the development of a symbolism to accom- 
modate the above situations (see Rao [24, 251). This is described in the 
following section. Then we describe OAs obtainable from sets of pairwise 
orthogonal F-squares, F-rectangles, and F-hyperrectangles. In the last sec- 
tion, it is shown how to obtain codes from the preceding sections. As much 
as possible, we use the notation and definitions given in the literature. 
2. NOTATION AND SYMBOLISM 
Let LS(u) denote a Latin square of order o and let POLS(o, t) denote a 
set of t pairwise orthogonal Latin squares of order u. The corresponding 
orthogonal array of II assemblies (columns), k runs (rows), v symbols, and 
of strength 2 may be denoted as OA (n = u2, k = t + 2, v, 2). Likewise, 
the corresponding notation for a block code derived from the 
OA(u*, t + 2, u, 2) is C(u*, t + 2, u, d), where there are u2 words, each of 
length t + 2, with u symbols used for each word. Note that not all u sym- 
bols need appear in each word. Alternatively, one could have t + 2 words of 
length v2 which would be denoted by C(t + 2, u*, o, d). The distance 
between words is the number of symbols by which two words differ. The 
minimum distance between any two words in the code is defined as Hamm- 
ing distance. 
To illustrate the above, the POLS(3, 2) set leads to the OA (9,4, 3,2) 
which is 
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Latin square ON97 4, 3, 2) 
Rows ooo 111 222 
Columns 012 012 012 
Latin one square 012 120 201 
Latin two square 012 201 120 
If one considers the columns to be the 9 words of length 4 with u = 3 sym- 
bols, the Hamming distance is d= 3. If one considers the rows to be the 
t + 2 words of length v2 = 9 with u = 3 symbols, the Hamming distance is 
d= 6. 
Let FS(c, A’), where Au = c, denote an F-square of order c with u symbols 
each occurring 1 times in each row and in each column; let POFS(c, I”, t) 
denote a set of pairwise orthogonal F-squares (FSs). Now, if one constructs 
an OA from this set, two rows of the OA will have c symbols with each 
symbol occurring c times, and t rows will have v symbols with each symbol 
occurring 1-c times. To illustrate, consider the particular FS(4, 22, 9) set 
which produces the following OA. (Note from Schwager, Federer, and 
Mandeli [27], that there are at least three non-isomorphic sets): 
oooo 1111 2222 3333 
0123 0123 0123 0123 
1100 1100 0011 0011 
1010 1010 0101 0101 
1001 1001 0110 0110 
lloa 0011 1100 0011 
1100 0011 0011 1100 
1010 0101 1010 0101 
1010 0101 0101 1010 
1001 0110 1001 0110 
1001 0110 0110 1001 
The above OA is denoted by OA( 16; 2, 9; 4, 2; 2). 
Consider now the FS(c; AT1 ,_.., %>), where Cy=, clj = u, C M,A, = c, and aj 
is the number of symbols occurring A, times in each row and in each 
column. For example, for FS(6; l’, 2’, 3l) and FS(6; 14, 2l) the FSs are 
uhhccc 
h h c' c c a 
hcccah 
CCCUhh 
ccahhc 
cahhcc 
and 
cdrea 
cdeeah 
deeahc 
e e a h c d 
eahcde 
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The corresponding notation for a set of pairwise orthogonal FSs is 
POFS(c; A;‘,..., 22; t) when the number and frequency of symbols stays the 
same in each of the t FSs. However, when this number and frequency 
changes from FS to FS, we denote the hth FS, h = 1,2,..., t, as FS(c; 
lahl ,,, ,..., $$h), where c;: 1 ahi = v,,, the number of symbols in the hth FS and 
C;k, @hi&i = c. A set of t orthogonal such FSs is denoted as lJi=, OFS(c; 
/zWl hl ,..., n:;h). To illustrate for c = 4 and t = 3, the set 
FS(4; 14) FS(4; 1’. 2’) FS(4; 1 ‘, 3’) 
0 I 2 3 
1 0 3 2 El 2 3 0 1 3 2 1 0 0 1 2 2 2 2 1 0 A 1 0 2 2 2 2 0 1 0 1 1 1 1 1 0 1 El 1 1 1 0 1 0 1 1 
forms a set of three pairwise orthogonal FSs with four symbols in the first 
FS, three symbols in the second FS, and two symbols in the third FS. 
For the above situation, the corresponding OA may be denoted as OA 
(c2; 2, 1, l,...) 1; c, ol, u2 ,..., u,; 2), where there are uh symbols, h = 1, 2 ,..., t, 
in the hth FS. One row of the OA is obtained from one FS and if some of 
the v,, were equal, this would be reflected in the number of rows with that 
number of symbols. 
For F-rectangles (FRs), it is necessary to denote the number of rows r in 
the FR as well as the number of columns C. We use the notation 
FR(c, r;l’;l,..., 22; $I,..., ~2) with c columns, r rows, C(~ symbols occurring li 
times in columns with C cl,Ai = c, and cli symbols occurring zLi times in the 
rows with C ai7c, = r. The corresponding set of t pairwise orthogonal FRs 
is denoted as uA= 1 OFR(c, r; 1,“;1,..., n$h; n$‘,..., nz;~). For example, an 
FS(12, 6; 4’, 6’, 2l; 2’, 3’, 1’) and an FS(12,6; 42, 22, 2’, 12) orthogonal 
pair is 
001112001112 012011203130 
200111200111 101312130020 
120011120011 321201010103 
112001112001 203130012011 
111200111200 130020101312 
011120011120 010103321201 
The corresponding OA is 
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000000 1 1 1 1 1 1 222222 
012345 012345 012345 
021110 002111 100211 
013210 102031 211300 
333333 444444 555555 
012345 012345 012345 
110021 111002 211100 
032101 110320 121003 
666666 111111 888888 
012345 012345 012345 
021110 002111 100211 
210013 031102 300211 
999999 10 10 10 10 10 10 11 11 11 11 11 11 
012345 0 1 2345 012 3 4 5 
110021 111 002 211 1 0 0 
101032 320110 003121 
which we denote as OA(72; 1, 1, 1, 1; 12, 6, 2l: 3’: l’, 2*: l*; 2). Here, 2: 3: 
1 indicates three symbols with relative frequencies 2, 3, and 1, and 22: l2 
indicates four symbols with relative frequencies 2, 2, 1, and 1. In general, 
we denote such a derived OA as OA (cr; 1, 1, t ,,..., td; c, r, iJf=, [A$l: 
A;‘$. . : Lz;h]; 2), where the relative frequencies have the smallest common 
denominator. Note that this relative frequency of symbols in lowest terms 
is the same in rows as in columns of an FR. The above OA notation can be 
somewhat simplified as OA(cr; b,, 6, ,..., 6,; s,, s2 ,..., s,; 2) where there are 
cr columns with bi rows of si symbols, i= 1,2,..., a. This is the notation 
suggested by Mandeli et al. [23]. Rao [25] uses a somewhat different 
notation. 
Additional notation, especially for codes, will be developed as needed in 
the text. 
3. ORTHOGONAL ARRAYS OBTAINABLE FROM POFSs 
Hedayat [16], Hedayat and Seiden [19], and Hedayat, Raghavarao, 
and Seiden [ 1 S] have demonstrated how to construct F-squares and com- 
plete sets of F-squares of order Y, s a prime power and m a positive 
integer. Since there are srn rows, srn columns, and (s”- ‘)‘/(s - 1) FSs, each 
with s symbols, one can construct the OA(s*“; 2, (.sm - l)2/(s - 1); P, s; 2) 
from the complete set of FSs. Federer [7] constructed complete sets of FSs 
of order n = 4t for all t for which a Hadamard matrix of side 4t exists. 
These can be used to construct the OA(n*; 2, (n - l)*; n, 2; 2). Some 
examples are 
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OA(4$2, 9; 4, 2; 2) OA( 16$2,225; 16,2; 2) 
OA(8*; 2,49; 8, 2; 2) OA(25’; 2, 144; 255; 2) 
OA(92; 2, 32; 9, 3; 2) OA(27*; 2,338; 27, 3; 2) 
OA(12”; 2, 121; 12,2; 2) OA(28*; 2, 729; 28,2; 2). 
Mandeli [20] and Mandeli and Federer [22] constructed complete sets 
of FSs of order sM with varying numbers of symbols of the form s, 
s 2 ,...) s + ‘, s”’ with repetitions srn- I, srn ~ 2,..., s, 1, respectively. These FSs 
can be used to form OAs of the form OA(s*“;, n,, n,+ , ,..., n2, n, ; 
sm, f- l,..., s2, s; 2) where some of the ni, i= l,..., m can be zero, in which 
case the corresponding number of symbols s’ is deleted from the number of 
symbols. Examples of the above for srn = 8 are POFS(8; l’, 24, 42; 6, 1,4), 
POFS(8; Is, 24, 42; 5,2, 8) POFS(8; l’, 24, 42; 7,0,0) = POFS(8; 1’; 7) = 
POLS(8, 7); these can be used to form the OAs as 
OA(64; 8, 1,4; 8,4, 2; 2), OA(64, 7, 2, 8; 8,4, 2; 2), and OA(64; 9; 8; 2). 
Many sets of this form are possible, of which the above sets are specific 
examples. 
Mandeli et al. [23] gave the following theorem: 
Zf the orthogonal array (n, k, s, 2) and a POLS(s, t) exists, then 
there exists an orthogonal array (n*, tk2 + 2, s, 2). 
From this result, an OA(n2; 2, tk2 + 2; n, s; 2) exists. They showed that 
for n = 2sp such an orthogonal array can be constructed. 
Schwager et al. [26] constructed complete sets of FSs of order 2” of 
the form POFS(2”; 12”, (2”p’)2; 1, (2”- 1)(2”-2)). These can be used to 
construct the OA(22”; 3, (2” - l(2” - 2); 2”, 2; 2)). They showed how to 
construct two nonisomorphic sets of these FSs and both of these are 
nonisomorphic to those constructed by Hedayat et al. [ 181 and by 
Federer [7]. Thus, three sets of nonisomorphic OAs are obtainable from 
FSs of order 2”. 
Schwager et al. [27] used Hall’s [ 151 nonisomorphic Hadamard 
matrices of side 16 to form three nonisomorphic FSs of order four. These 
POFS(4; 22; 9) can be used to form the OA(16; 2, 9; 4, 2; 2). 
Another special case has been described for FSs of order six. Hedayat et 
al. [18] gave the POFS (6; 23; 4); Anderson, Federer, and Seiden [2] con- 
structed the POFS(6; 23; 8) and showed it could not be extended. Federer 
[6] constructed the POFS(6; 32, 23: 1, 8) and the POFS(6; 16, 23; 1, 7) 
sets. Finney [12] gave constructions for POFS(6; 16, 23; 1,7), 
POFS(6; 16, 3*; 1, 8) and POFS(6; 16, 32; 1, lo), he stated that no pair of 
orthogonal FSs exists for five symbols or for four symbols composed of 
two in once and two in twice in each row and column. 
The above illustrations are summed up in the following theorem: 
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THEOREM 3.1. The existence of a set of POFS(n; A”; t)~ 
OA(n’; 2, 21+ t; II, v; 2) where 
tf an OA(n, I’, u, 2) exists, 
otherwise. 
Proqf: Case I. Suppose OA(n, f’, v, 2) does not exist. Let R be the 
following n x n matrix: 
R= I : v-l ll- 1 ... 
0 0 ... 
1 1 . . . 
. 
. . 
v-l v-l “. 
0 0 ... 
1 1 . . 
. . 
l
. 
(j 0 .:: 
1 1 . . . 
. . 
V-l . . . 
0 
1 
U-l 
0 
1 
. . 
V-l 
0 
1 
V-l 
Let C be the following n x n matrix: 
i 
0 1 ‘.. v- 1 0 1 ..’ v-l 
0 . 1 ... c= v-l . 0 . 1 . ... v-l . 
. . . 
0 i :.: llL1(ji .:I v-l ’ 
0 
. 0 
. . 
. . . b 1 
. . 
. 
v-l 
V-l 
D- 1 . 
We can see that R is orthogonal to C and that R and C are orthogonal to 
F,, F2 ,..., F,. Likewise, construct the 1 x n2 matrices 
R*=(OO . ..()I1 . . . 1 . ..v-lo-l...v-1 
~...oll...l...u~lu~l...v~l...oo...oll...l... 
v-lv-l...v-1) 
c* = (01 . v - 1 01 . . 0 - 1 . .()I . .u - 1 
01 . ..v-l()l...v-l...()l...v-l...ol...o-lol.. 
v-l... 01 ---v- 1). 
R* is orthogonal to C*. If the rows of each of the set of t mutually 
orthogonal F(n; 2”) squares are written consecutively so as to form a 1 x nz 
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row matrix (as, for example, when the matrix R is transformed to R*), we 
get t mutually orthogonal 1 x n2 row matrices Ff, FT,..., FF, Since R and C 
are orthogonal to F,, F,,..., Fr, we have that R* and C* are orthogonal to 
F:, F: ,..., F:. Hence, R*, C*, F:, Ff ,..., F: become equivalent to a 
(t + 2) x n2 matrix when rows are orthogonal. We therefore have construc- 
ted an OA(n2, t + 2, u, 2). 
Case II. Suppose now that an OA(n, I’, o, 2) does exist. Let 
A = OA(n, I’, m, 2) 
r 011 a,, ... a,, 
1 a21 a22 ... a2n =. . . . . . : . . ‘. a,., ar2 ... ar,. 
where aij E (0, l,..., u - 1 } for i = l,..., I’, j = l,..., n. Form the following n x n 
matrices: Rj= ui2 uj2 . . a, . . . . . . . Uin tZin . . am 
for i = l,..., 1’ and 
ai’, a,., . . . aisn 
ci. = at., y2 1.. a? [ .I . . . . . . a?, a?, ... a?, 
for i’ = l,..., i’. It can be checked that the 21’ matrices Ri, i= I,.,., I’, Cc, 
i= l,..., 1’ are mutually orthogonal. Likewise, the R, and C,. are orthogonal 
to F, , F2 ,..., F,. If the rows of each Rj and C, for i, i’= l,..., I’ are written 
consecutively so as to form a 1 x n2 row matrix, we get 21’ mutually 
orthogonal 1 x n2 row matrices RT, C’,? for i, i’= l,..., I’. Hence, 
R:, Rz ,..., R,?, CT, CT ,..., CT, FT, Fz ,..., FT becomes equivalent to a 
(21+ f) x n2 matrix whose rows are orthogonal. We therefore have con- 
structed an OA(n2, 2Z+ t, o, 2). Given an OA(n2; 2, 2Z+ t; n, v; 2) one may 
construct the POFS(n, 1”; t) set. 
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4. OAs FROM POFRs 
Federer, Hedayat, and Mandeli [28] constructed sets of t pairwise 
orthogonal F-rectangles (POFRs) of the following form: 
POFR(2u, u; I”, 2”; 2) for any u, 
POFR(2pv, 2qu; (2q)“, (2~)“; 2) for any u, 
POFR(pu, qu; q”, p’; t) for any v for which a POLS(u, t) exists, 
POFR(4k, 2; I*, (2k)‘; 4k - 1) for all 4k for which a Hadamard matrix 
exists, 
POFR(u”, u; l”(~~-‘)‘; U” - 1) for all prime powers u, 
and 
POFR(u”, u; l”, (o n-1)“; rt) for all u for which a POLS(u, r)-set and an 
OA(u”, t, v. 2) exist. 
Likewise, following the decomposition methods of Mandeli 120, 213, one 
may decompose an FR with u = ph symbols into ( ph - 1 )/(p” - 1) FRs with 
pk symbols. This is described in Theorems 7.1 and 7.2 of Federer et al. 
WI. 
The above imply OAs of various natures as embodied in the following 
theorem: 
THEOREM 4.1. The existence of a set of POFR(c, r; q”, p”; t)o the 
following OAs: OA(c, r; 1, 1, t; c, r, v; 2) for u any integer when p and q are 
even, any u # 2,6 when p and q are odd, and for all v when r = v and c = 2~. 
Proof. The proof is by construction from a POFR set, and follows that 
for Theorem 3.1. 
It should be noted that the OAs have many more rows than are 
available for OAs from POLSs or POFSs. For example, for v = 2, no pair 
of orthogonal Latin squares exists. For Latin rectangles, there will be 
4k - 1 POFRs for all 4k for which a Hadamard exists. This is a complete 
set. Also, no pair of Latin squares of order 6 exists. It is relatively simple to 
obtain orthogonal pairs of FRs with six rows and 24k columns, k = 1, 2,.... 
It is also interesting to note that one may construct orthogonal pairs of 
FRs with u/2 rows and 2u columns for all even v. For u = 4p f 3, p = 1, 2,..., 
one can construct a pair of nearly orthogonal FRs with (u - 1)/2 rows and 
2u columns. These FRs will have the treatments of the pairs in a balanced 
incomplete block arrangement rather han in an orthogonal relationship. 
These results are described in Hedayat and Federer [ 171. 
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5. OAs FROM PAIRWISE ORTHOC~NAL F-HYPERRECTANGLES 
Just as one can go from Latin squares to Latin cubes and hypercubes 
(see Federer [S, Chap. XV], e.g.), one can go from FSs to hyper-FSs 
(HFSs), and from FRs to hyper-FRs (HFRs). Then one can consider a set 
of t pairwise orthogonal HFSs which will be denoted as POHFSs. Cheng 
[3, 41, Mandeli [21], and Mandeli and Federer [22] have given construc- 
tions for POHFSs, Cheng for equal numbers of symbols in each HFS and 
the others when the number of symbols varies from HFS to HFS. 
The following theorems summarize the results obtained by the above 
authors: 
THEOREM 5.1 (Cheng, Theorem 3.1). Zf u is a prime power and Ni = uk, 
k = 1, 2,..., m, then there exists a complete set of F-hyperrectangles of size 
N, xN,x . . . x N, with v symbols. 
THEOREM 5.2 (Mandeli and Federer, Theorem 2.2). Zf v = ph, where p is 
a prime or prime power, h = 1, 2 ,..., and Ni = vk, k = 1, 2 ,..., then a 
F-hyperrectangle of size ny= 1 N, with v symbols can be decomposed into 
(v - 1 )/(pk - 1) pairwise orthogonal F-hyperrectangles of size ny= I Ni and 
pk symbols for all integers k which divide h. 
THEOREM 5.3 (Mandeli and Federer, Theorem 2.3). Zf u = ph, where p is 
a prime or prime power and h is a positive integer, and each N; is a power of 
u for i=1,2 ,..., m, then there exists a complete set {F, / i= I,..., u; 
j = 1, 2,..., t;} of Cr=, ti mutually orthogonal F-hyperrectangles of size 
ny=, Ni and v, symbols for F, (j= l,..., ti), where u = 
[~~~~Ni-~~~~(Ni-1)-1]/(u-1),ti=(u-1)/(pk~-1),unduj=pkffor 
integers k, that divide h, i = l,..., u. 
THEOREM 5.4 (Cheng, Theorem 3.2). Zf there exists OA(N,, t;, u, 2) 
i = 1, 2,..., h, then there exist t pairwise orthogonal F-hyperrectangles of size 
ny= 1 Ni and ~1 symbols where t = nh= , ( ti + 1) - 1 - If= 1 t,. 
THEOREM 5.5 (Mandeli and Federer, Theorem 2.5). Zf there exist 
OA(N,, ti, v, 2), i= 1, 2 ,..., h, and u is a prime number, then there exist t 
pairwise orthogonal F-hyperrectangles of size n:=, N, and v symbols, where 
t=(V-l)h-‘n;=, t,+(v-l)h--2x ,<il<i2< .-- <ih-,<h ti,ti,” . t,_, + ... + 
(U-f)CIGil~r~<h tilfi2. 
The sets of POHFRs can be used to construct OAs in the same manner 
as described in previous sections. 
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6. CODES OBTAINABLE FROM POFRs AND POHFRs 
As was noted in Section 2, a block code C(v’, t + 2, v, d) may be derived 
from the OA(o’, t + 2, u, 2) or from the POLS(v, t). The code will have u2 
messages of length t + 2 using u symbols. Alternatively, one could have 
t + 2 messages of length v2. Since t is usually small relative to the number 
or length of the messages, one should consider ways of extending the num- 
ber and length simultaneously. The results of Federer et al. [28] do 
precisely this. The POFR(o”, u; 1’) (urn ’ )‘) set may be used to construct 
the OA( u”’ + I; 1, om; tlrn, u; 2) which, in turn, can be used to construct 
C(v m+‘; 1, v”; urn, 11; d), where there are urn+’ messages in which the first 
letter of a message contains one of urn symbols, and the remaining urn letters 
in the message may be one of 21 different letters and d is the average (or 
minimum) number of letters by which two messages differ. The following 
theorems and corollaries show some of these relationships. The code dis- 
tance computed is the minimum distance. There could be a case for com- 
puting average distance. These details have not been worked out. 
THEOREM 6.1. POFS(n;1”; t)oa [n’, ~(1 +21-v), o,n’(o- 1)/u] 
v-my code. 
Proof. From Theorem 3.1, t, orthogonal FS(n; 3,“)s o OA(n’, 21+ t, 
4 2)=-4. Let 41+21+,Jxn2 =L,,~:$ ] when O’, xn? is the 1 x n’ matrix of 
zeros. Form WI’,‘+2,+,,xn2 = (i- l)J(, +Z,+IjXn~ + B for i= 1, 2 ,..., v, where 
J (,+l,+,jxn~ is the (1 +21+t)xn’ matrix of ones. We will show that the v 
(1 + 2f+ t) rows of the u matrices IV”‘, IV”‘,..., IV”’ form the code. 
Part 1. We will show that W’ 1) ,I+2~+,lX,,~ =B is a CCn’, 
1 + 21+ t, u, n2(v- 1)/v]. B forms a C[N, 44, q, ti], where N= n2 is the 
length of each row of B, M= 1 + 21+ t is the number of rows of B, and 
q = u is the number of symbols of B. The last 21+ t rows of B are the 
orthogonal array A; hence, each symbol j from row i of A, i= l,..., 21+ t; 
j = O,..., u - 1 appears 2’ times with each symbol j’ from row i’ of A, 
i’=l ,..., 21+ t; i # i’, j’ = 0 ,..., u - 1, where i. = n/v. Hence, the pair of 
elements (:;) appear i2 times in a column for rows i and i’. Since there are u 
such pairs (-!), the number of times we have pairs of the form ( j) as a 
column for row i and i’ of A is vi’. Hence, the number of pairs (5,) for 
j # j’ = 0, l,..., v - 1 is n2 - 01~. So d = n2 - vl’. Therefore 
d=n2-o;12=n2-v ! !  
0 
2 
=n2 n2 _ n’(v- 1). 
m V V 
For the first row of B, which is the row 0; xnl, and any other row of B, (g) 
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appears nA times. Hence, (P) for j = 1, 2 ,..., v - 1 
again 
d=n2-nl=n2-n !! =n2-!f 
0 V V 
appears n2 - nl times. So, 
n2(v- 1) = 
v . 
Part 2. For the same reasons as in Part 1, Wii)+2,+r,x,12 forms a 
C[n’, 1 + 21+ 2, v, n2(v- 1)/v] for i=2 ,..., v. 
Part 3. We now show that 
WI?+21+t,Xn2 
W’2, 
w= . (1 +z/+r)xd 
1. I ~~?+21+,)Xn~ 
is a C[n’, v(1 + 21+ t), v, n’(v - 1)/v]. W constructs a [N, M, q, d] code. 
Clearly, 
N=n2 
M=v(l+2f+t) the number of rows of W 
and 
q = v. 
Let w!‘) be the jth row of Wti) and w.” 
III) 
I,’ ) be the j’th row of W”“. 
Case I. j= j’= 1 -dist=n’. 
Case II. 
appears nl times 
appears d = 
n2(v - 1) 
v 
times for h = 0, l,..., i - 2, i ,..., v - 1 
a dist = n2(v - ’ ) 
v . 
Case III. j # /, j’ = 1 similar to Case II. 
Case IV. j # j’, j, j‘ # 1 * dist = (n’(v - l))/v because these rows of W 
are constructed from the orthogonal array A. 
ORTHOGONAL F-RECTANGLES 
Case V. 
j=j’, j, j’#l*w$,,=(i-l)l’+ai, 
wi=(i’-1) l’+a,, 
where l’= (1 1 ... 1) , .,,I and a, is the jth row of A: 
h 
+ h 
0 
does not appear for h = 0, l,..., v - 
and 
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h 0 h’ appears nil times for h = 0, l,..., u - 1 and h’(i - 2) + h. 
(n/v) = n2. In The number of such (t,) is v. Hence, distance = v(n1) = u. n 
conclusion, 
Case I + Case V*d=min[n2, (n*(v- l))/u] 
= (n’(u - 1 ))/a 
Given C[n2, v(1 + 2f+ v), v, n*(u - 1)/u], a POFS(n; II”; t) set is obtained 
by construction; hence, the other part of the implication 
0, 000000 
I!  000000 
012012 
o'+l' 111111 
R +l' 111111 
c 11' 120120 
0'+21' 222222 
R +21, 222222 
c +21' 201201 
012012 
r; 120120 2 
t 1 
120120 
012012 
1 011220 
iG 102210 
110202 
020211 
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202110 
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000000 
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222222 
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012012 
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000000 
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FIG. 1. C[62, 3(1 + 2+8), 3, 62(3 - 1)/3] =C[36, 33, 3, 241. 
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EXAMPLE 6.1. Using the 8 orthogonal F(6; 23) squares of Anderson et 
al. [2] we can construct the 3-ary code shown in Fig. 1. 
COROLLARY 6.1. 
POFS(n; (n/s)“; 2t + kt*) o OA(n*; 2t + kt*, s, 2) 
o [n*, s( 1 + 2t + kt2), s, (n’(s - 1 )),‘s] 
s-ary code. 
COROLLARY 6.2. There exists a set of (s-l)[2(sp-l)/(s- 1)-l]’ 
orthogonal FSC2.s”; (2sp-‘Y] , f s or s a prime or prime power and p a positive 
integer 
oOA[4s2p,2{2(sP- l)/(s-l)-l}+(s- 1){2(+l)/(s-1)-li,s,2] 
0 [4SQ, (s(l+2(2(sP- l)/(s- l)- l}+(s- 1)(2(sP- l)/(s- l)- l}*), 
s, (4s7s - 1 ))/s] 
s-ary code. 
COROLLARY 6.3. If we let the prime decomposition of a number n he 
n = p:, pl,..., pk, and, without loss of generality, let pg < pt < . . . < pk, t@ 
there exists a set of (pk- 1) mutually orthogonal F[n; (p:, pt,..., pk~:)~m] 
squares: 
0 n2,p!$l+2+p~-l)9P$ 
i 
n’(ph - 1) 
Pk 1 
pi-ary code, i.e., 
n*, p$$2 + Pk), P$$ 
n*(pk - 1) 
P? 1 
p$ary code. 
THEOREM 6.2. t orthogonal n, x n2 x . ‘. x n, F-hyperrectangles with v 
symbols 
fi ni, f di+t,v,2 
i=l i= 1 
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if a OA(n,, I(, v, 2) existsfor i = 1, 2 ,..., a, 
otherwise, 
v-ary code. 
Proof: The proof is a generalization of Theorems 3.1 and 6.1. 
COROLLARY 6.4. If there exist orthogonal arrays OA(N,, ni, s, 2) for 
i = I,..., k, and s is a prime number 3 there exist t mutually orthogonal 
F-hyperrectangles of size N, x N, x . ‘. x N, and s symbols, where 
t=(s-l)k-‘n,n,~~~n,+(s-l)kP2 c ni,fli2 “‘nik-, 
l<i1<q< ... -cik-l<k 
+ . ..+(s-1) 1 ni, ai, _ 
l<i,<iZCk 
s-ary code. 
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